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Abstract The SU(1,1) coherent states, so-called Barut-Girardello coherent state and
Perelomov coherent state, for the generalized two-mode time-dependent quadratic Hamil-
tonian system are investigated through SU(1,1) Lie algebraic formulation. Two-mode
Schrödinger cat states defined as an eigenstate of K̂2− are also studied. We applied our
development to two-mode Caldirola-Kanai oscillator which is a typical example of the
time-dependent quadratic Hamiltonian system. The time evolution of the quadrature dis-
tribution for the probability density in the coherent states are analyzed for the two-mode
Caldirola-Kanai oscillator by plotting relevant figures.

Keywords SU(1,1) coherent states · Time-dependent quadratic Hamiltonian system ·
Caldirola-Kanai oscillator

1 Introduction

For several decades, considerable attention has been paid to the investigation of quan-
tum properties for the time-dependent quadratic Hamiltonian systems (TDQHS) [1–10].
Lots of fundamental systems in diverse fields of physics, including harmonic oscillators
with a driving force, Caldirola-Kanai (CK) oscillator, and harmonic oscillator with time-
dependent mass and/or frequency, are described by TDQHS. It has been turn out that
TDQHS have many applications in non-relativistic description of quantum systems. For ex-
ample, the evolution of cosmological constant [8], the propagation of light in time-varying
media [9], and optical parametric amplifier [10] can be studied under the construction of
time-dependent Hamiltonian. Besides the mathematical comprehension, the knowledge of
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exact quantum states for the TDHQS enables us to understand various physical information
such as fluctuations, geometrical phase, quantum transition, and squeezing effect. In fact, the
study of quantum features for TDQHS has been facilitated by the invention of a mathemati-
cal tool, namely the invariant operator [11] which is very useful in treating nonconservative
quantum systems.

Although the original coherent states are introduced in harmonic oscillator system, the
application of the coherent states is extended to wide range of physical systems, for in-
stance, those which are described by SU(1,1), SO(2,1), and SU(2) Lie algebraic groups [6,
7, 12] or even nonlinear algebraic groups [13]. It is clear that the Lie algebraic approach
is a powerful tool in investigating the quantum properties of dynamical systems. There-
fore, the studies in many fields of physical systems, especially the non-classical properties
of quantum optical systems including coherent and squeezed states have been fulfilled by
employing SU(1,1) Lie algebra [14–16]. In recent years, some novel applications of the
group SU(1,1) have been made in the field of quantum computation and tomography with
nonlinear optics [17]. Among several classes of SU(1,1) coherent states, we are interested
in Barut-Girardello coherent states [18] and Perelomov coherent states [19] in this paper.
The former may be generated by means of a process including the competition between
nondegenerate parametric amplification and nondegenerate two-photon absorption, while
the generation of the latter can be attained from the unitary evolution of two-mode number
states driven by a nondegenerated parametric device [20]. It is noticed that SU(1,1) coher-
ent states reveal the nonclassical properties such as squeezing effect, nontrivial zero-point
energy, violations of the Cauchy-Schwarz inequality, and fluctuation of uncertainty products
[21, 22]. Since the SU(1,1) coherent states for one-mode TDQHS have been already studied
[6], the investigation of the SU(1,1) coherent states in the present work will be focused on
the generalized two-mode TDQHS through the formulation of SU(1,1) Lie algebra.

This paper is organized as follows. In the following section, we realize SU(1,1) Lie
algebra by introducing SU(1,1) generators for the two dimensional TDQHS. Two kind of
SU(1,1) coherent states, i.e., Barut and Girardello coherent states and Perelomov coherent
states, are investigated in Sect. 3. Our development will be employed to the two-mode CK
oscillator driven by external forces, which is one of the typical type of the TDQHS, in
Sect. 4. Finally, the concluding remarks of this paper will be placed in the last section.

2 SU(1,1) Lie Algebra for the Two-Mode TDQHS

In this section, we formulate SU(1,1) Lie algebra for the two-mode quadratic Hamiltonian
system whose parameters explicitly depend on time. The two-mode TDQHS can be repre-
sented by the sum of its two independent components as

Ĥt (x̂1, p̂1, x̂2, p̂2, t) = Ĥ1(x̂1, p̂1, t) + Ĥ2(x̂2, p̂2, t). (2.1)

For the generalized TDQHS, Ĥj (x̂j , p̂j , t) (hereafter, all j is j = 1,2) are given by

Ĥj (x̂j , p̂j , t) = 1

2
[Aj(t)p̂

2
j + Bj(t)(x̂j p̂j + p̂j x̂j ) + Cj(t)x̂

2
j ]

+Dj(t)x̂j + Ej(t)p̂j + Fj (t), (2.2)

where Aj(t) − Fj (t) are time functions which are differentiable with respect to time. From
Hamiltonian dynamics, we can easily confirm that the classical equation of motion for each
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mode can be written in the form

d2xj (t)

dt2
− Ȧj

Aj

dxj (t)

dt
+

(
AjCj + ȦjBj

Aj

− B2
j − Ḃj

)
xj (t) = − ȦjEj

Aj

+BjEj −AjDj +Ėj .

(2.3)
The classical solutions of the above equations are the sum of complementary functions
xc,j (t) and particular solutions xp,j (t) for each mode:

xj (t) = xc,j (t) + xp,j (t). (2.4)

Similarly, we can also denote complementary functions and particular solutions in momen-
tum space as pc,j (t) and pp,j (t) so that the corresponding classical solutions have the form

pj (t) = pc,j (t) + pp,j (t). (2.5)

Many kinds of nonclassical phenomena in quantum systems may be studied in terms of
SU(1,1) Lie algebra. The two-mode bosonic realization of SU(1,1) Lie algebra have been
used to describe the nondegenerate parametric amplifier [23–25] while one mode realization
used to present the degenerate parametric amplifier [26]. Based on the group theory, we
introduce SU(1,1) generators for the two-mode system such that

K̂0 = 1

4�

2∑
j=1

{
�j

s2
j (t)

[x̂j − xp,j (t)]2

+ 1

�j

[
1

Aj

(
Bjsj (t) − ṡj (t)

) [x̂j − xp,j (t)] + sj (t)[p̂j − pp,j (t)]
]2

}
, (2.6)

K̂1 = 1

2�(�1�2)1/2

{[
�1�2

s1(t)s2(t)
− 1

A1A2
(B1s1(t) − ṡ1(t)) (B2s2(t) − ṡ2(t))

]

×[x̂1 − xp,1(t)][x̂2 − xp,2(t)]

− s2(t)

A1
(B1s1(t) − ṡ1(t))[x̂1 − xp,1(t)][p̂2 − pp,2(t)]

− s1(t)

A2
(B2s2(t) − ṡ2(t))[p̂1 − pp,1(t)][x̂2 − xp,2(t)]

−s1(t)s2(t)[p̂1 − pp,1(t)][p̂2 − pp,2(t)]
}

, (2.7)

K̂2 = − 1

2�(�1�2)1/2

{[
�1

s1(t)A2
(B2s2(t) − ṡ2(t)) + �2

s2(t)A1
(B1s1(t) − ṡ1(t))

]

×[x̂1 − xp,1(t)][x̂2 − xp,2(t)]

+ s2(t)

s1(t)
�1[x̂1 − xp,1(t)][p̂2 − pp,2(t)] + s1(t)

s2(t)
�2[p̂1 − pp,1(t)][x̂2 − xp,2(t)]

}
, (2.8)

where �j are real positive constants and sj (t) are time-dependent variables that satisfy the
following differential equations

s̈j (t) − Ȧj

Aj

ṡj (t) +
(

AjCj + ȦjBj

Aj

− B2
j − Ḃj

)
sj (t) − A2

j�
2
j

1

s3
j (t)

= 0. (2.9)
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These generators obey the commutation relations which are given by

[K̂0, K̂1] = iK̂2, [K̂0, K̂2] = −iK̂1, [K̂1, K̂2] = −iK̂0. (2.10)

Note that the time-derivative of (2.6) ends up zero: dK̂0/dt = 0. It implies that K̂0 is a con-
stant of motion which plays the role of invariant operator. The concept of constant of motion
is important in studying quantum mechanics for the TDQHS [1] in addition to its evident
usefulness in classical mechanics [27]. López et al. have deduced constant of motions for
the various mechanical systems such as relativistic particle system with dissipation, nonrel-
ativistic particle system driven by time-dependent force, time-dependent mass system, and
position dependent mass system [28]. From (2.7) and (2.8), it is clear that two-mode gen-
erators K̂1 and K̂2 are not direct simple multiplications of two one-mode generators given
in [6]. This is the reason why many researchers take a special interest in investigating the
group SU(1,1) for the two-mode systems separately from the one-mode ones.

Here, it is convenient to introduce the new generators, namely, raising operator and low-
ering operator correspond to SU(1,1) Lie algebra:

K̂+ = K̂1 + iK̂2, K̂− = K̂1 − iK̂2. (2.11)

From straightforward calculations, one may verify that operators K̂+, K̂− and K̂0 satisfy the
conventional commutation relations such that

[K̂−, K̂+] = 2K̂0, [K̂0, K̂±] = ±K̂±. (2.12)

If we introduce another kind of lowering operators of the form [5]

âj =
√

1

2��j

{[
�j

sj

+ i
Bj sj − ṡj

Aj

]
[x̂j − xp,j (t)] + isj [p̂j − pp,j (t)]

}
, (2.13)

and their Hermitian adjoints â
†
j which are raising operators, K̂0 and K̂± can be simply rep-

resented in the form

K̂0 = 1

2
(â

†
1 â1 + â

†
2 â2 + 1), K̂+ = â

†
1 â

†
2, K̂− = â1â2. (2.14)

Direct differentiations of K̂± with respect to time yield

dK̂+
dt

= i

2∑
j=1

�jAj (t)

s2
j (t)

K̂+, (2.15)

dK̂−
dt

= −i

2∑
j=1

�jAj (t)

s2
j (t)

K̂−, (2.16)

We can easily identify that the solutions of the above equations are expressed as

K̂+(t) = K̂+(0) exp

⎛
⎝i

2∑
j=1

∫ t

0

�jAj (t
′)

s2
j (t

′)
dt ′

⎞
⎠ , (2.17)

K̂−(t) = K̂−(0) exp

⎛
⎝−i

2∑
j=1

∫ t

0

�jAj (t
′)

s2
j (t

′)
dt ′

⎞
⎠ . (2.18)
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Therefore, we see that K̂±(t) are represented in terms of constant magnitudes and time-
dependent phases.

Under the basis vectors that are given by

|n1, n2〉 = |n1〉 ⊗ |n2〉. (2.19)

the eigenvalue equation of K̂0 can be expressed as

K̂0|n1, n2〉 = λn1,n2 |n1, n2〉. (2.20)

Besides, the representations of the generators on the two-mode states are

K̂+|n1, n2〉 = √
(n1 + 1)(n2 + 1)|n1 + 1, n2 + 1〉, (2.21)

K̂−|n1, n2〉 = √
n1n2|n1 − 1, n2 − 1〉, (2.22)

K̂0|n1, n2〉 = 1

2
(n1 + n2 + 1)|n1, n2〉, (2.23)

K̂+K̂−|n1, n2〉 = n1n2|n1, n2〉. (2.24)

From K̂−〈x1, x2|0,0〉 = 0, we can easily derive ground state of the system. And the nth
order excited states can also be derived from

〈x1, x2|n,n〉 = 1

n! K̂
n
+〈x1, x2|0,0〉 = 〈x1|n〉〈x2|n〉, (2.25)

where 〈xj |n〉 are the nth excited states in each mode [6]. Through these procedures, the two-
mode eigenstates correspond to arbitrary combination of quantum numbers are obtained as

〈x1, x2|n1, n2〉 =
(

(�1�2)
1/2

πs1s2�

)1/2
1√

2n1+n2n1!n2!
eipp,1(t)x1/�eipp,2(t)x2/�

×Hn1

(√
�1

s2
1�

[x1 − xp,1(t)]
)

Hn2

(√
�2

s2
2�

[x2 − xp,2(t)]
)

× exp

{
−

2∑
j=1

[
1

2sj�

(
�j

sj

+ i

Aj

(Bj sj − ṡj )

)
[xj − xp,j (t)]2

]}
. (2.26)

where Hn is nth order Hermite polynomial.
It is well known that the wave functions of the system whose Hamiltonian is explicitly

depend on time are the same as the eigenstates of the invariant operator, except for some
time-dependent phase factor [1]. If we recall that K̂0 takes the role of the invariant operator,
the wave functions in number state have the form

〈x1, x2|ψn1,n2〉 = 〈x1, x2|n1, n2〉 exp[iθn1,n2(t)]. (2.27)

By substituting (2.27) into Schrödinger equation, we can find the appropriate phases
θn1,n2(t) as

θn1,n2(t) = −
2∑

j=1

{(
nj + 1

2

)∫ t

0

Aj(t
′)�j

s2
j (t

′)
dt ′
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+ 1

�

∫ t

0

[
1

2
[Aj(t

′)p2
p,j (t

′) − Cj(t
′)x2

p,j (t
′)] + Ej(t

′)pp,j (t
′) + Fj (t

′)
]

dt ′
}

.

(2.28)

Thus, (2.27) with (2.26) and (2.28) are complete wave functions in number state. In the
next section, we will investigate SU(1,1) coherent states on the basis of the development
presented in this section.

3 SU(1,1) Coherent States

Coherent states are ubiquitous and important topic in the literature of mathematical physics.
As a matter of fact, two-mode TDQHS permit plentiful coherent states, lots of which may
be related to low-order Lie algebraic groups such as SU(1,1) or SU(2) [29]. Numerous
nonclassical phenomena such as phase coherence, quantum correlation, and squeezing of
photons in quantum optical systems may be interpreted by means of the SU(1,1) Lie alge-
bra and the generalized coherent states associated with these Lie algebras [30]. Let us see
two interesting analytic representation of SU(1,1) coherent states, BG coherent state and
Perelomov coherent state.

3.1 Barut-Girardello Coherent State

If we write the eigenvalue equation of K̂− in the form

K̂−|β;q〉BG = β|β;q〉BG, (3.1)

the BG coherent state is, actually, just the eigenstate |β;q〉BG. We can expand the BG co-
herent states in terms of the number states as

|β;q〉BG =
[ |β|q

Iq(2|β|)
]1/2 ∞∑

n=0

βn

√
n!(q + n)! |n + q,n〉, (3.2)

where Iq is a modified Bessel function of the first kind. It is known that the BG coherent
state includes strong correlations with respect to the number states between the modes [29].
The density operator in this coherent state is given by

ρ̂BG = |β;q〉BG BG〈β;q|. (3.3)

The probability of finding n+q quanta in mode 1 and n quanta in mode 2 in the BG coherent
states is

Pn = 〈n + q,n|ρ̂BG|n + q,n〉 = 1

n!(q + n)!
|β|2n+q

Iq(2|β|) . (3.4)

Equation (3.2) may be used to investigate diverse quantum features such as probabil-
ity density, variances, uncertainty product and quantum energy in the BG coherent state.
The majority of these research requires the evaluation of relevant expectation values. After
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straightforward calculations, we can obtain the expectation values of the canonical variables
in the form

BG〈β;q|x̂1|β;q〉BG =
√

�s2
1

2�1

|β|q
Iq(2|β|)

∞∑
n=0

|β|2n(β + β∗)
n!(n + q)!√n + 1

+ xp,1(t), (3.5)

BG〈β;q|x̂2|β;q〉BG =
√

�s2
2

2�2

|β|q
Iq(2|β|)

∞∑
n=0

|β|2n(β + β∗)
n!(n + q)!√n + q + 1

+ xp,2(t), (3.6)

BG〈β;q|p̂1|β;q〉BG = −
√

�

2

|β|q
Iq(2|β|)

∞∑
n=0

|β|2n(Y1β + Y ∗
1 β∗)

n!(n + q)!√n + 1
+ pp,1(t), (3.7)

BG〈β;q|p̂2|β;q〉BG = −
√

�

2

|β|q
Iq(2|β|)

∞∑
n=0

|β|2n(Y2β + Y ∗
2 β∗)

n!(n + q)!√n + q + 1
+ pp,2(t), (3.8)

BG〈β;q|x̂2
1 |β;q〉BG = |β|q

Iq(2|β|)

[
�s2

1

2�1

∞∑
n=0

|β|2n(β2 + β∗2)

n!(n + q)!√(n + 1)(n + 2)

+ xp,1(t)

√
2�s2

1

�1

∞∑
n=0

|β|2n(β + β∗)
n!(n + q)!√n + 1

]

+ s2
1�

2�1

[
2|β| Iq+1(2|β|)

Iq(2|β|) + 2q + 1

]
+ x2

p,1(t), (3.9)

BG〈β;q|x̂2
2 |β;q〉BG = |β|q

Iq(2|β|)

[
�s2

2

2�2

∞∑
n=0

|β|2n(β2 + β∗2)

n!(n + q)!√(n + q + 1)(n + q + 2)

+ xp,2(t)

√
2�s2

2

�2

∞∑
n=0

|β|2n(β + β∗)
n!(n + q)!√n + q + 1

]

+ s2
2�

2�2

[
2|β| Iq+1(2|β|)

Iq(2|β|) + 1

]
+ x2

p,2(t), (3.10)

BG〈β;q|p̂2
1|β;q〉BG = |β|q

Iq(2|β|)

[
�

2

∞∑
n=0

|β|2n(Y 2
1 β2 + Y ∗2

1 β∗2)

n!(n + q)!√(n + 1)(n + 2)

− √
2�pp,1(t)

∞∑
n=0

|β|2n(Y1β + Y ∗
1 β∗)

n!(n + q)!√n + 1

]

+ �

2
|Y1|2

[
2|β| Iq+1(2|β|)

Iq(2|β|) + 2q + 1

]
+ p2

p,1(t), (3.11)

BG〈β;q|p̂2
2|β;q〉BG = |β|q

Iq(2|β|)

[
�

2

∞∑
n=0

|β|2n(Y 2
2 β2 + Y ∗2

2 β∗2)

n!(n + q)!√(n + q + 1)(n + q + 2)

− √
2�pp,2(t)

∞∑
n=0

|β|2n(Y2β + Y ∗
2 β∗)

n!(n + q)!√n + q + 1

]



1898 Int J Theor Phys (2008) 47: 1891–1910

+ �

2
|Y2|2

[
2|β| Iq+1(2|β|)

Iq(2|β|) + 1

]
+ p2

p,2(t), (3.12)

where Yj are

Yj = Bjsj − ṡj

Aj

√
�j

+ i

√
�j

sj

. (3.13)

In the above evaluations we used the relation that (see page 5 of [31])

Iν(z) =
∞∑

n=0

( z

2

)2n+ν 1

n!
(n + ν + 1)
. (3.14)

The similar calculations of expectation values related to two-mode harmonic oscillator are
found in [32]. However, they do not considered interference between two states correspond
to different numbers, n1 and n2. The variances of the canonical variables X̂j (x̂j and p̂j ) are
defined as

VBG(Xj ) = BG〈β;q|X̂2
j |β;q〉BG − (BG〈β;q|X̂j |β;q〉BG)2. (3.15)

Recently, there is much interest in the so-called two-mode Schrödinger cat state |β;q,ϕ〉
suggested by Gerry and Grobe as an eigenstate of K̂2− [33]:

K̂2
−|β;q,ϕ〉 = β2|β;q,ϕ〉. (3.16)

The execution of a little algebra with the above equation leads to

|β;q,ϕ〉 = Nϕ

[ |β|q
Iq(2|β|)

]1/2 ∞∑
n=0

[1 + (−1)neiϕ] βn

√
n!(q + n)! |n + q, q〉, (3.17)

where

Nϕ = 1√
2

[
1 + |β|q

Iq(2|β|) cosϕ

∞∑
n=0

(−1)n|β|2n

n!(q + n)!

]−1/2

. (3.18)

In fact, Schrödinger cat state is a superposition of two BG coherent states separated in phase
by π [33]

|β;q,ϕ〉 = Nϕ[|β;q〉BG + eiϕ | − β;q〉BG]. (3.19)

Various nonclassical properties of the Schrödinger cat states such as the sub-Poissonian
quantum-number statistics and the violation of Cauchy-Schwarz inequality have been in-
vestigated in the literature [33, 34].

3.2 Perelomov Coherent State

Now we turn our attention to the investigation of the Perelomov coherent state which is
an another useful type of SU(1,1) coherent state. This state also involves tight correlations
between the modes as in the case of BG coherent state [29] and can be expressed in terms
of the number state as

|ξ ;q〉P = exp(βK̂+ − β∗K̂−)|q,0〉

= (1 − |ξ |2)(1+q)/2
∞∑

n=0

(
(n + q)!

n!q!
)1/2

ξn|n + q,n〉, (3.20)
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where

ξ = β

|β| tanh |β|. (3.21)

The coordinate representation of (3.20) may be evaluated by using the formula [35]

Hn(x) = 2n

√
π

∫ ∞

−∞
(x + it)n exp(−t2)dt. (3.22)

Thus, we have

〈x1, x2|ξ ;q〉P =
√

(�1�2)1/2

πs1s2�2qq!
(

1 − |ξ |2
1 − ξ 2

)(1+q)/2

eipp,1(t)x1/�eipp,2(t)x2/�

×Hq

[
1√

�(1 − ξ 2)

(√
�1

s1
[x1 − xp,1(t)] −

√
�2

s2
ξ [x2 − xp,2(t)]

)]

× exp

{
1

2�

(
�1

s2
1

[x1 − xp,1(t)]2 − �2

s2
2

[x2 − xp,2(t)]2

)

− 1

�(1 − ξ 2)

[√
�1

s1
[x1 − xp,1(t)] −

√
�2

s2
ξ [x2 − xp,2(t)]

]2

− i

2�

2∑
j=1

Bjsj − ṡj

sjAj

[xj − xp,j (t)]2

}
. (3.23)

In the limit of the standard harmonic oscillator, this recovers to that in [36]. The density
operator in the Perelomov coherent state is

ρ̂P = |ξ ;q〉P P〈ξ ;q|. (3.24)

The state of the system in the Hilbert space is completely represented by its density operator.
The probability of finding n + q quanta in mode 1 and n quanta in mode 2 is

Pn = 〈n + q,n|ρ̂P|n + q,n〉 = (q + n)!
n!q! |(1 − |ξ |2)|1+q |ξ |2n. (3.25)

When we evaluating the expectation values of the canonical variables and their square in
this coherent states, it may useful to employ the integral formula [35]:

∞∑
n=0

1

n!

(

n + ν + 1

2

)
t−2n−2ν−1 = 


(
ν + 1

2

)
(t2 − 1)−ν−1/2. (3.26)

Hence, with the aid of this, we readily derive the representations

P〈ξ ;q|x̂1|ξ ;q〉P =
√

s2
1�

2�1

(1 − |ξ |2)1+q

q!
∞∑

n=0

(n + q + 1)!
n!√n + 1

|ξ |2n(ξ + ξ ∗) + xp,1(t), (3.27)

P〈ξ ;q|x̂2|ξ ;q〉P =
√

s2
2�

2�2

(1 − |ξ |2)1+q

q!
∞∑

n=0

(n + q + 1)!
n!√n + q + 1

|ξ |2n(ξ + ξ ∗) + xp,2(t), (3.28)
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P〈ξ ;q|p̂1|ξ ;q〉P = −
√

�

2

(1 − |ξ |2)1+q

q!
∞∑

n=0

(n + q + 1)!
n!√n + 1

|ξ |2n(Y1ξ + Y ∗
1 ξ ∗) + pp,1(t),

(3.29)

P〈ξ ;q|p̂2|ξ ;q〉P = −
√

�

2

(1 − |ξ |2)1+q

q!
∞∑

n=0

(n + q + 1)!
n!√n + q + 1

|ξ |2n(Y2ξ + Y ∗
2 ξ ∗) + pp,2(t),

(3.30)

P〈ξ ;q|x̂2
1 |ξ ;q〉P = (1 − |ξ |2)1+q

q!

[
s2

1�

2�1

∞∑
n=0

(n + q + 2)!
n!√(n + 1)(n + 2)

|ξ |2n(ξ 2 + ξ ∗2)

+ xp,1(t)

√
2s2

1�

�1

∞∑
n=0

(n + q + 1)!
n!√n + 1

|ξ |2n(ξ + ξ ∗)

]

+ s2
1�

2�1

1

1 − |ξ |2 (2q + 1 + |ξ |2) + x2
p,1(t), (3.31)

P〈ξ ;q|x̂2
2 |ξ ;q〉P = (1 − |ξ |2)1+q

q!

[
s2

2�

2�2

∞∑
n=0

(n + q + 2)!
n!√(n + q + 1)(n + q + 2)

|ξ |2n(ξ 2 + ξ ∗2)

+ xp,2(t)

√
2s2

2�

�2

∞∑
n=0

(n + q + 1)!
n!√n + q + 1

|ξ |2n(ξ + ξ ∗)

]

+ s2
2�

2�2

1

1 − |ξ |2 (1 + (2q + 1)|ξ |2) + x2
p,2(t), (3.32)

P〈ξ ;q|p̂2
1|ξ ;q〉P = (1 − |ξ |2)1+q

q!

[
�

2

∞∑
n=0

(n + q + 2)!
n!√(n + 1)(n + 2)

|ξ |2n(Y 2
1 ξ 2 + Y ∗2

1 ξ ∗2)

− √
2�pp,1(t)

∞∑
n=0

(n + q + 1)!
n!√n + 1

|ξ |2n(Y1ξ + Y ∗
1 ξ ∗)

]

+ �

2
|Y1|2 1

1 − |ξ |2 (2q + 1 + |ξ |2) + p2
p,1(t), (3.33)

P〈ξ ;q|p̂2
2|ξ ;q〉P = (1 − |ξ |2)1+q

q!

[
�

2

∞∑
n=0

(n + q + 2)!
n!√(n + q + 1)(n + q + 2)

|ξ |2n(Y 2
2 ξ 2 + Y ∗2

2 ξ ∗2)

− √
2�pp,2(t)

∞∑
n=0

(n + q + 1)!
n!√n + q + 1

|ξ |2n(Y2ξ + Y ∗
2 ξ ∗)

]

+ �

2
|Y2|2 1

1 − |ξ |2 (1 + (2q + 1)|ξ |2) + p2
p,2(t). (3.34)

Similarly to the previous case, we can also identify the variance of canonical variables from

VP(Xj ) = P〈ξ ;q|X̂2
j |ξ ;q〉P − (P〈ξ ;q|X̂j |ξ ;q〉P)

2. (3.35)



Int J Theor Phys (2008) 47: 1891–1910 1901

Fig. 1 Contour plots for the time
evolution of the quadrature
distribution of the probability
density in BG coherent state,
(3.2), for two-mode CK oscillator
with no driving force (fj (t) = 0)
when (a) t = 0; (b) t = 0.5; (c)
t = 1.0; and (d) t = 1.5. We used
�1 = �2 = 1, ω0,1 = ω0,2 = 1,
γ1 = γ2 = 0.5, M1 = M2 = 1,

� = 1, x0,1 = x0,2 = 23/2, q = 3,
and φ1 = φ2 = 0

(a)

(b)

4 Application to the Two-Mode CK Oscillator

With the free choice of time functions Aj(t) − Fj (t), our development in the previous sec-
tions may be employed diverse types of TDQHS. As an application of our development,
let’s consider a special case that described by two-mode CK Hamiltonian with the choice of

Aj = 1

Mje
γj t

, Cj = Mjω
2
0,j e

γj t , Dj = −Mje
γj tfj (t), (4.1)
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Fig. 1 (Continued)

(c)

(d)

where Mj , γj and ω0,j are real positive constants and all other functions are zero: Bj =
Ej = Fj = 0. Then, Ĥj (x̂j , p̂j , t) in (2.2) becomes

Ĥj (x̂j , p̂j , t) = p̂2
j

2Mj

e−γj t + 1

2
Mje

γj t [ω2
0,j x̂

2
j − 2fj (t)x̂j ], (4.2)

In this case, the solutions of (2.9) are given by

sj (t) =
√

�j

Mj

ω̃
−1/2
j exp

(
−γj

2
t
)

, (4.3)
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Fig. 2 Same as in Fig. 1, but
with a driving force (4.5) in
mode 1. We used f0.1 = 1,
ωd,1 = 0.97, and φd,1 = 0

(a)

(b)

where ω̃j are modified frequencies of the form

ω̃j =
(

ω2
0,j − γ 2

j

4

)1/2

. (4.4)

We choose the driving forces fj (t) as

fj (t) = f0,j cos(ωd,j t + φd,j ), (4.5)



1904 Int J Theor Phys (2008) 47: 1891–1910

Fig. 2 (Continued)

(c)

(d)

with real amplitudes f0,j and arbitrary phases φd,j . Then, the complementary solutions and
the particular solutions for mode j are written as

xc,j (t) = x0,j e
−γj t/2 cos(ω̃j t + φj ), (4.6)

pc,j (t) = −Mjx0,j e
γj t/2

[γj

2
cos(ω̃j t + φj ) + ω̃j sin(ω̃j t + φj )

]
, (4.7)

xp,j (t) = f0,j√
(ω2

0,j − ω2
d,j )

2 + γ 2
j ω2

d,j

cos(ωd,j t + φd,j − δj ), (4.8)

pp,j (t) = − Mjf0,jωd,j√
(ω2

0,j − ω2
d,j )

2 + γ 2
j ω2

d,j

eγj t sin(ωd,j t + φd,j − δj ), (4.9)
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Fig. 3 Contour plots for the time
evolution of the quadrature
distribution of the probability
density in Schrödinger cat state,
(3.19), for two-mode CK
oscillator with no driving force
(fj (t) = 0) when (a) t = 0; (b)
t = 0.5; (c) t = 1.0; and (d)
t = 1.5. We used �1 = �2 = 1,
ω0,1 = ω0,2 = 1, γ1 = γ2 = 0.5,
M1 = M2 = 1, � = 1,
x0,1 = x0,2 = 23/2, q = 3,
φ1 = φ2 = 0, and ϕ = π

(a)

(b)

where x0,j is amplitudes of oscillation at t = 0, φj are initial phases and

δj = tan−1 γjωd,j

ω2
0,j − ω2

d,j

. (4.10)

In terms of classical solutions given in (4.3) and (4.6)–(4.9), the system can be completely
described. If we consider (2.13) and the third of (2.14), β in (3.1) becomes

β = β1β2, (4.11)

where

βj =
√

1

2��j

{[
�j

sj

+ i
Bj sj − ṡj

Aj

]
xc,j (t) + isjpc,j (t)

}
. (4.12)
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Fig. 3 (Continued)

(c)

(d)

Then, we can evaluate β for two-mode CK oscillator by substituting (4.6) and (4.7) into the
above equation. Thus, we have

β(t) = β0e
−i[(ω̃1+ω̃2)t+φ1+φ2], (4.13)

where β0 = √
M1M2ω̃1ω̃2x0,1x0,2/(2�). We depicted contour plots of the probability density

for the BG coherent state in Figs. 1 and 2, the Schrödinger cat state in Fig. 3, and the
Perelomov coherent state in Fig. 4 for two-mode CK oscillator. One may compare these
figures with those of two-mode simple harmonic oscillator case which are represented in
[36]. All of the probability densities converge to the origin as time goes by owing to the
dissipation of energy. The effect of driving force can be seen from Fig. 2. The probability
density in Fig. 2 more or less deviates from the origin with time due to the influence of
driving force.
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Fig. 4 Contour plots for the time
evolution of the quadrature
distribution of the probability
density in Perelomov coherent
state, (3.23), for two-mode CK
oscillator with no driving force
(fj (t) = 0) when (a) t = 0; (b)
t = 0.5; (c) t = 1.0; and (d)
t = 1.5. We used �1 = �2 = 1,
ω0,1 = ω0,2 = 1, γ1 = γ2 = 0.5,
M1 = M2 = 1, � = 1,
x0,1 = x0,2 = 23/2, q = 3, and
φ1 = φ2 = 0

(a)

(b)

5 Conclusion

Two-mode bosonic realization of SU(1,1) Lie algebra is very useful in describing the nonde-
generate parametric amplifier while one mode realization is used to describe the degenerate
parametric amplifier [14]. The quantum properties of two-mode TDQHS are investigated
through SU(1,1) Lie algebraic formulation. Two-mode SU(1,1) generators, K̂0, K̂1, and
K̂2, which satisfy conventional commutation relations between themselves are constructed
in (2.6)–(2.8). In terms of K̂1, and K̂2, raising operator K̂+ and lowering operator K̂− are
defined as (2.11). We confirmed that K̂0 plays the role of invariant operator since its time-
derivative vanishes. From (2.17) and (2.18), we confirm that K̂+ and K̂− can be expressed
in terms of time-constant magnitude and time-dependent phase factor.

Two kind of the generalized SU(1,1) coherent states, i.e., BG coherent state and Perelo-
mov coherent state are studied. These coherent states are represented in terms of the classical
solutions for coordinate and momentum, i.e., complementary solutions xc(t) and pc(t) plus
a particular solutions xp(t) and pp(t). The wave functions in SU(1,1) coherent states can be
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Fig. 4 (Continued)

(c)

(d)

used to study various quantum properties of the system. Exact wave function in Perelomov
coherent state is derived using SU(1,1) Lie algebraic approach. The expectation values of
coordinates and momenta and their squares are calculated in both BG coherent state and
Perelomov coherent state.

As an application, we have employed our development to study SU(1,1) coherent states
of two-mode CK oscillator. From (4.13), we can easily find that the magnitude of eigenvalue
β(t) for the lowering operator is constant with time. This is closely related to the fact that the
magnitude of K̂− does not vary with time (see (2.18)). The time-behavior of the probability
density in both BG and Perelomov coherent states for the two-mode CK oscillator are shown
in figures. From these figures, we see that the probability density gradually converges to the
origin as time goes by on account of the dissipation of energy. The effect of driving force
can be confirmed from Fig. 2. According to this figure, the center of probability density have
been deviated from the origin due to the effect of driving force.
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